
TRANSPORT OF RADIANT ENERGY IN MULTILAYER 

SCATTERING AND ABSORBING MATERIALS 
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By taking account of boundary ref lect ion we solve the problem of the dis tr ibut ion of ab-  
sorbed energy  and radiat ion fluxes over  the thickness of individual layers  in rea l i s t ic  
mul t i l ayer  absorbing and sca t te r ing  mate r ia l s .  

Investigations of radiat ive h e a t - t r a n s f e r  p ro ce s se s  [1] and the t ranspor t  of energy in mul t i l ayer  s y s -  
tems [3, 4, 7, 8, 10-14, 16, 17] have become very  important ,  since actual  objects exposed to inf rared rad ia -  
tion are  sys tems  of seve ra l  layers  of se lect ively  absorbing and sca t te r ing  ma te r i a l s  (mult i layer  protect ive  
shells  and cover ings  for  meteoro logica l  and cosmic devices  and equipment,  building mate r i a l s ,  outer  shells 
of vegetable ma te r i a l s ,  biological  objects ,  food products ,  etc.). Efficient  methods of calculat ing heat  t r an s -  
f e r  [9] in inf rared  radiat ion p roces se s  leading to the format ion of mul l [ layer  sys tems  in the p resence  of 
moving phase t ransi t ion boundaries  a re  also impor tant  for  p rac t ica l  application in var ious fields of science 
and technology. T h e r e f o r e  it is impor tant  to know the laws for  the attenuation of radiat ion fluxes in mul t i -  
l aye r  sys t ems ,  taking account of boundary ref lect ion and se lec t ive  absorpt ion and sca t te r ing  of radiat ion 
f rom optical inhomogeneit ies which appreciably change the dis tr ibut ion of radiant  energy within individual 
layers  [7, 15] and the values of the integrated thermoradia t ive  cha rac t e r i s t i c s  of each layer  and of the whole 
sys tem.  

Special problems a r e  discussed in [4, 8, 11, 14, 16, 17]: a s tack of nonscat ter ing layers  [8, 16], a 
weakly sca t te r ing  thin film between meta l  layers  [17], sys tems  of sca t te r ing  layers  [4, 14], and a two- 
layer  pure ly  sca t te r ing  spher ica l  a tmosphere  [11] neglecting the effects  of boundary reflect ion.  

It is expedient  to solve the genera l  problem of the t ranspor t  of radiant  energy in a mul l [ l ayer  sys tem 
by a refined d i f fe ren t ia l -d i f fe rence  method [7], taking account of the effects  of multiple sca t te r ing  and 
boundary ref lect ion,  the i r radia t ion  conditions,  and the .se lect iv i ty  of the optical and emiss ion  proper t i es  
of all bodies involved in the heat t rans fe r .  Using this method II 'yasov and Krasnikov [7] obtained the laws 
of attenuation of the radiation flux, taking account of multiple sca t te r ing  and boundary ref lect ion in a plane 
layer  on an opaque substra te .  

We cons ider  the genera l  case of the i r rad ia t ion  of a sys tem of l ayers  f rom both sides by diffuse 
monochromat ic  radiat ion having flux densi t ies  E I and E H ('Fig. 1). We propose the following methods for 

+ and E~- within the i - th  layer  of a mul l [player  sys tem:  the finding the counterflow radiat ion flux densi t ies  E i 
method of combining absorbing and sca t te r ing  layers  by taMng account of boundary ref lec t ions ,  and the 
method of combining layers  by represen t ing  the boundaries  as f ict i t ious nonabsorbing layers  having a s y m -  
met r i c  ref lec t ion coeff icients  P i ,k  ~ Ok, i and t r ansmiss ion  coefficients  

ti,t, = (1 --  Oi,k) :~ tk,z = (1 --  ,ok,z). (1) 

tn the method of combining layers  by taking account of boundary ref lect ion in the boundary conditions 
each layer  i can be considered as being i r rad ia ted  f rom both sides by the externa l  fluxes El, I and Ei, II, 

+ and E~- by the following boundary conditions (Fig. 1): re la ted to the counter radia t ion  fluxes E i 

E + for x i = O  E l , i :  ~-,(l~-O, 

~+ (o) = (1 - -  0.~-1) E+I (t~_O + ~)~_~,~EV (O), (2) 
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Fig. 1. Radiat ion fluxes in a mu l t i l aye r  s y s t e m  of se lec t ive ly  a b -  
sorb ing  and sca t t e r ing  m a t e r i a l s .  

f o r  x~ = t~ E,-~ = E~_, (x~+t = 0), 

E'[- (li) ~ pi+,,iE~ (I i) -[- (1 --pl. i+,)E~t (0). (3) 

The coeff ic ients  of boundary ref lec t ion  P i , k  in (2) and (3) depend on the index of r e f rac t ion  n~ and 
the absorp t ion  coeff ic ient  k;~, and a r e  de te rmined  by the F r e s n e l  fo rmulas .  The f i r s t  subsc r ip t  denotes 
the number  of  the i r r ad ia t ed  l ayer  and the second the number  of the l ayer  f rom which the flux is incident. 
To ca lcula te  the quant i t ies  P i , k  in the p re sen t  case  of i r rad ia t ion  of the sy s t em f rom both s ides by diffuse 
radia t ion fluxes the angu la r  dis t r ibut ion of the f luxes incident on the boundar ies  of the i - th  layer  within 
the sy s t em can a lso  be a s sumed  diffuse as  a consequence of the ef fec ts  of mult iple  re f lec t ions  between 
l a y e r s  and mult iple  s c a t t e r i n g  within the l aye r s .  

The opt ical  p r o p e r t i e s  of the m a t e r i a l  of  the i - th  l aye r  a re  cha r ac t e r i z ed  by the s p e c t r a l  absorpt ion  
coeff ic ient  k i and the backs ca t t e r i ng  coeff ic ient  s i ave raged  o v e r  a ha l f - space .  These  coeff ic ients  give 
comple te  informat ion  on the spat ia l  d is t r ibut ion of rad iant  energy  within the l aye r ,  the opt ical  p rope r t i e s  
of  the m a t e r i a l ,  and a r e  re la ted  to the bas ic  absorp t ion  and sca t t e r ing  c h a r a c t e r i s t i c s  k~,, i and o-~, i by the 
equations 

fi~ =mikx,~, s i = mi6,.i~;~.i. (4) 

The aux i l i a ry  coeff ic ients  6 s and m take account  of the i r rad ia t ion  conditions for  an e l e m e n t a r y  layer  
of thickness  dx and the f o r m  of the sca t t e r ing  indicatr ix  (m <> 2, 6 s _< 1 [7]). 

In this case  fo r  any l ayer  i of th ickness  l i (0 _< xi -< li) of a mu l t i l aye r  s y s t e m  (Fig. 1) we obtain a + 
f a m i l i a r  s y s t e m  of l inear  d i f fe rent ia l  equations fo r  the hemi sphe r i ca l  counterf luxes  E i and E~ (system 
(36) on p. 31 of [7]). 

The genera l  solution of the s y s t e m  of d i f ferent ia l  equations (36) of [7] for  the counterf iuxes  in the 
i - th  layer  fo r  boundary conditions (2) and (3) have the fo rm 

Ei,IC~.~-, 
E.(x~)'+ = 1 - -  B~-I~" ,+,,~W, , B e [exp( - -L ix l ) - -B i+1 ,~exp(L~x)  ] 

E~,HC~,~+I~ [exp (L~xi) - -  Bi-lU exp ( - -  Lixi)], (5) 

t2i, tCi,i-l~I"rl {exp[Li(li_x)]._Bi+l,iex p [--L i (li--xi)]} 
E?- (xi) = 1 ~ Bi-ldBi+,,iq~ 

E~, uCi.i+l �9 {exp [--L~ (l i -:- x~)] - -  Bz-l,iqr~ exp [Li (l~--x)] }. (6) 
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The symbols  L and ~t in (5) and (6) a r e  in acco rd  with [7]. The coeff ic ients  Ci ,  k and Bi ,k ,  taking 
account  of ref lec t ion  a t  the boundar ies  of the i - th  l aye r ,  a r e  given by the equations 

1 - -  OLi4-I  
Ci.i:t=l ~ 

R i ~  - -  P/el , i  
B i •  ~ - -  

R~= (1 - -  pi• 

(7) 

(s) 

The flux dens i t ies  of the radia t ions  Ei, I and E i , i i  incident on the boundar ies  of the i - th  l aye r  (1 
< i < n), taking account  of  mul t ip le  re f lec t ions ,  a r e  e x p r e s s e d  in t e r m s  of the dens i t ies  of the ex te rna l  
f luxes E I and Eli incident  on the s y s t e m  by the equations 

1 
Ei,i = [El Tl...ti-I~,o + EIIT~...~,oR~-~)...~,i] 

1 - -  R { i _ I I . . . 1  ,iR~...m ( i - - I)  

1 
Ei,li = [EIITn...(i+l).O :-Et Tl...i,olP,(i.§ ..... i] 

1 - -  m I i . 4 - 1 ) . . , n , i R i . . . l , ( i - c l )  

(9) 

(10) 

The dens i t ies  of the fluxes incident on the f i r s t  and n- th  l aye r s ,  taking account  of conditions (9) and 
(10), are :  E i , I  = EI and En, li = Eli  

EI.H=[EnT~...2.o-PEt TuoR2 ..... ,1 

E, , ,  = [E, T,.. .(~-,),o -5 Ei,T,,,oRc~-1)...l,,d 

1 - -R2 ..... IRl,s 

I - -  R ( . - I I . . . L n R n , ( ~ - I )  

(11) 

(t2) 

Equations (5) and (6) give the fluxes of monochromat ic  radia t ion at  depth xi in a m u l t i l a y e r  sys t em,  
taking account  of the ef fec ts  of ex te rna l  and internal  ref lec t ion f rom the boundar ies  of the i - th  l aye r ,  and 
have a m o r e  genera l  f o rm than those obtained e a r l i e r  for  a single l ayer  in a i r  [7]. They make  it poss ib le  
to obtain genera l  fo rmulas  fo r  the the rmorad ia t ive  c h a r a c t e r i s t i c s  of a ! ayer  bounded by dif ferent  l ayers  
(media) within a mu l t i l aye r  sys t em.  

The t r ansmi t t ance  and re f lec tance  of the i - th  layer  a re  de te rmined  f rom (5) and (6) for  the condition 
El, II = 0: 

, E~ (l~) 'E C~ ~_, (1 - -  B:_,~ ~R~) 
T i --(1 - - P i + l , i ) ~ k  i , I t  -~  0 )  = (1 - -  pin-l,i) . . . . .  exp (--  Lili), (13) 

, ET (0) ,E (14) R/=  oi i_l 4- (1 - -  p,:_,, i) ~ ~ i . i i = O ) = 9 i . i - I - - ( i - - 9 ~ - l . ~ ) C i . i - l R i ~  1 - - B i + l , i e x p ( - - 2 L i l ~ )  
. . . .  ci , i  1 - -  Bi-l,zBi+LiW~ 

In the spec ia l  case  of a s ingle l ayer  in a i r  o r  vacuum Pi, i-1 = Pl,0, Pi+l, i = P0,1 and Eqs. (13) and (14) 
ag ree  with the wel l -known equations of [5, 7]. 

The amount  of rad iant  energy  absorbed  pe r  unit t ime at depth xi by an e l emen ta ry  volume of thickness 
dx is  de te rmined  f rom the equation of conserva t ion  of energy  [1, 7]: 

wi (x~) =ki  [ E+ (x~) ~- E F  (x~)] =-#iE.o (xi), (15) 

+ El" is the spa t ia l  i r r ad ianee  at depth x i where  Ei,0(xi) = E i + 

I ~Li , w i ( x  i) = ~E~.I (1 --' Rcoo)Ci,~-t exp(--Lixi)--Bi,__l ~ ~ - e x p  (Lixi) 
1 - -  B~_I.~B~+I.iT~ " ' ' 

(1-~-R~)C~,~+, { e x p [ _ L ~ ( l _ x i ) ] _ B ~ _ L i  W~ exp[L~(ti_x~)]l. 
+ ~ E i , n  1 --Bi_l,iBi+1,itF~ Ri~ J 

(16) 

Thus,  the p rob lem of de te rmin ing  the radia t ion field in a mu l t i l aye r  s y s t e m  is reduced to the p rob lem 
of finding the t r ansmi t t ances  and re f l ec t ances  of the sy s t em,  taking account  of boundary ref lect ion,  by the 
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method of combining l aye r s  [5-8, 14, 16]: T L .  "(i-i), 0, T1 . . . i ,  0 a re  the t ransmi t tances  of the system of 
l aye r s  f rom the f i r s t  to the ( i -  1)-th and to the i - th  for  external  radiat ion to the f i r s t  layer;  Tn. ". i ,  0, 
T n . . .  (i+0, 0 a re  the t ransmi t tances  of the sys tem of l ayers  f rom the n-th to the i-:th and to the (i + 1)-th 
for  ex te rna l  radiat ion to the n - t h  layer :  I I ( i_0. .  A, i, I t i . .  A, i, R i . . . n ,  i, II ( i+0 . . .n ,  i a r e  the ref lec tances  
of the s tack of l aye r s  for  in ternal  i r rad ia t ion  of the corresponding boundary of the i- th layer.  

The thermoradia t ive  cha r ac t e r i s t i c s  of a mul t i l ayer  sys tem,  taking account of absorption,  multiple 
sca t ter ing ,  and boundary ref lec t ion,  a re  de termined f rom the genera l  solution of (5) and (6) by using (11) 
and (12). Under the condition EI I=  0 we find f rom (5) by using (11) the following formula  for  the ref lec tance  

�9 of a mul t i l ayer  sys tem:  

R2 . . . . .  ITI,0TI,2 
Rt...n = Pi,o + (1 --90,1) (EII=0)=91 0+RI 0~ 1 - -  R2...n,IRL~." (17) 

The t ransmi t tance  of a mul t i l ayer  sys tem is found f rom (6) by using (12) and the condition EI I=  0: 

T,...~n_,).oT~,n_, 
Tl~..n= (1--p0,n) (Eu=0) = t__R(n_o...l,nRn,(n_O ( 18) 

The absorptance  of a mul t i l aye r  sys tem is de termined f rom the express ion  

AI .... = 1 --(TI..:~ + Rt...n). (19) 

Equations (17) and (18) have the form of the equations for  a pile of nonscat ter ing plates [16] and for  
a sys tem of sca t te r ing  l aye r s ,  neglecting boundary ref lect ion [14]. 

The effect  Of boundary ref lec t ion on the propagation of radiant  energy in a mul t i l ayer  sys tem and on 
the values of its thermoradia t ive  cha rac t e r i s t i c s  can be established by the method of combining layers  
which takes account of boundary ref lec t ion by represen t ing  boundar ies  as ficti t ious nonabsorbing layers  
having a symmet r i c  ref lec t ion  coeff icients  Pi, k : Pk, i and t ransmiss ion  coefficients  ti, k ~ tk, i. According 
to the method proposed an isolated i - th  l aye r  is r ep resen ted  as a set  of three layers :  two boundary layers  
i ,  i - 1  and i, i + 1, and the i - th  l aye r  i t se l f  having a re f lec tance  R i and a t ransmi t tance  T i determined 
f rom known express ions  [5, 7] which neglect  boundary ref lect ion,  

Ti _ 1 --. R~,~ exp (-- L~tl), (20) 
t - , v~  

R~ == R~oo 1 --  e x p  (-- 2L~l~) t - -  ~" (21) 
i 

In the p resen t  case  it  can be assumed that on an isolated i - th  layer  inside the sys tem there  are  
incident f rom both sides fluxes with densi t ies  El, 1 = E+(0)  and El, 2 = E 1  ( l i )  re la ted to the external  flux 
densi t ies  El, I = E+-I ( / i - 0  and E l ,  II = Ei+1 (xi+l  = 0) incident on the boundaries  of this l ayer  by the conditions 

E~.i (x i = 0) = E + (0) = (1 - -  p~,t-l) E~,~ + pi_ldE~ (0), (22) 

E~,2 (x~ = li) = E~- (l~) = (1 - -  9~,~+1) E~,II 4- p~.1,~E~ + (li). (23) 

The solution of Eqs. (36) of [7] for  the counterf luxes  for  boundary conditions (22) and (23) are  Eqs. 
(38) and (39) of [7]. There  must  be substi tuted into these express ions  the following values of the flux 
densi t ies  El, 1 and El, 2 found f rom (22) and (23) by using (38) and (39) of [7]. These establ ish the effect  
of boundary ref lect ion on the dis tr ibut ion of radiat ion fluxes within the sys tem of layers :  

�9 C~,t+:Di-ld (24) 
C~,~_, E~,I + E~,II, 

C~ i-lDi+l,i (25) C~.~+, E~,H + ' E,x, 

where  

Ci.~= 1--pi.~ ; Dk,~ -- Pk'iTi (26) 
1--pk.iR~ 1--pk,iR~ 
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The function wi(x) for  the i - th  l ayer  of the sy s t em is de te rmined  f rom (15) by using solutions (38) 
and (39) of [7]: 

1 T 2 exp (--  Ldci) - -  T~ exp (Lixl) @ -kiEf,2 
- -  i R f . ~  

1 Ri~ exp [-- L i ([i - -  xi)] - -  i exp [Li (l z - -  x)l . (27) 

A compar i son  of functions (27) and (16) shows that the method of r ep re sen t ing  boundar ies  as ref lect ing 
and t ransmi t t ing  l aye r s  gives a s i m p l e r  intuitive solution. Here  the total number  of l aye r s  i n c r e a s e s  and 
becomes  equal to 2n + 1, which compl ica tes  the calculat ion of El, I and E i , i i  in a mu l t i l aye r  sys tem.  In 
addition, the method makes  it poss ib le  to es tab l i sh  a re la t ion  between the the rmorad ia t ive  c h a r a c t e r i s t i c s  
Ri and Ti of the i - th  l ayer  calculated by taking account  and not taking account  of boundary ref lect ion.  

By using Eqs. (24), (25) and (20), (21) with the known solution (38) and (39) of [7 ] ,genera l  express ions  
can be wri t ten  for  the re f lec tance  and t r ansmi t t ance  of the i - th  l a y e r  within the sys t em,  taking account  of 

C~'c-lTi ( I  
Ti (p~,,, P~.3 -- 1 - -  Di+l,iDi-,,~ 

C~,~-iRi (t 
Ri(Pr p~.i)= t--Di+I.~D~-~.~ 

boundary r e f l e c t i o n s :  

(28) 
Yi ] 

Dr ) (29) 
Ri 

The effect  of boundary ref lec t ion on ~he abso rp t ance  can be es tabl ished by compar ing  the equations 

A~ = 1 - -  (Ri : -  Ti), (30) 

(J - -  Pi,o) Po.~Ti (31) 
Ai (P~,o, Po,,:) = 1 - -  (R i Ti) (1 - -  Po,iRi)" - -  p~.~Y~ 

The values  of the ref lec t ion coeff icients  at the boundar ies  P i , k  for  an ex te rna l  flux incident on the 
i - th  l aye r ,  and Pk, i for  the f lux-emerging  f rom the layer ,  a re  different.  

F o r  a s t rongly sca t t e r ing  medium with A e = 0.9, el = t .0 ,  Pi,0 - 0 . 1 ,  P0, i ~ 0.4 [5, 7] we find that 
the absorp tance  Ai(Pi ,  0, Po, i) = 0.75 calculated by (31) taking account .of  boundary ref lec t ion is 8.35 t imes  
as large a s  the value A i = 0.09 calcula ted  by (30) without taking account  of boundary ref lec t ion (art e r r o r  
of ~800%). With an increas~  in n k and A e the values  of Po, i and Ri i nc rea se ,  which leads to a l a rge r  e r r o r  
in de te rmin ing  the a b s o r p t a n c e  of a muI t i l aye r  s y s t e m  of m a t e r i a l s  without taking account of boundary 
ref lect ion.  Since for  many m a t e r i a l s  n}, Hes in the 1.1-5.0 range [7, 12] and A e reaches  0.99 [7], ignoring 
ref lect ion at  the boundary can lead to resu l t s  which do not cor respond  to the ac tual  h e a t - t r a n s f e r  p rocess .  
In this connection, in de te rmin ing  the incident flux densi ty  El, the resu l tan t  Er ,  and the effect ive Eeff at  
the sur face  of a mu l t i l aye r  s y s t em  or  on the boundary  of the i - th  hayer within the sy s t em it is n e c e s s a r y  
to subst i tute into the known equations [1] the value of A s of the sys t em found by the proposed method,  taking 
account  of boundary ref lect ion.  

A compar i son  of the genera l  solutions (5), (6), (16), (27) and (38), (39) of [7] shows that in ternal  
boundary ref lect ion makes  apprec iaMe changes in both the dis t r ibut ion of absorbed energy  and the radiat ion 
fluxes over  the thickness  of the i - th  l aye r  within a m u l t i l a y e r  sys tem.  This is taken into account  in the 
solut ions by the coeff icients  Ci ,k ,  Bi ,k ,  Ci ,k ,  and D i , k w h i c h  depend on Pi ,k ,  Ri,r162 Ri,  and Ti. 

N O T A T I O N  

R , T , A  
L,k,s 

Pi ,k  
E, E +, E- 

EO 
A e = S/(k+ S); 
i , n , k  
1 . . . n  
X 

0 

a re  the re f lec tance ,  t r ansmi t t ance ,  and absorp tance  of a l ayer  of thickness l; 
a r e  the ave rage  coeff icients  of effect ive at tenuation,  absorpt ion,  and backsca t t e r ing  of aa 
e l e m e n t a r y  layer  of thickness dx; 
is the coeff ic ient  of boundary ref lect ion;  
a r e  the densi t ies  of the incident and counter radia t ion  fluxes,  W/m2;  
is the spat ia l  i r r ad ianee  within a l ayer ,  W/m3;  

a r e  the l a y e r - n u m b e r  subscr ip t s ;  
is the s y s t e m  of l aye r s ;  
is the spec t ra l ;  
is the a i r .  

1525 



L I T E R A T U R E  C I T E D  

1. V . N .  Adrianov, Fundamentals of Radiative and Combined Heat Transfer  [in Russian], Moscow 
(1972). 

2. V.A. Ambartsumyan, Uchen, Zap. LGU, Ser. Matem., 3_~7, 3 (1964). 
3. V. L Barkov, Zh. Vyshisl. Matem. i Mabem. Fiz., 13__, 1068 (1973). 
4. G. Ya. Belov, Teplofiz. Vys. Temp., 100, 1268 (1972). 
5. A.A. Gershun, Selected Works on Photometry and Illumination Engineering [in Russian], Moscow 

(1958). 
6. A . P .  Ivanov, ~ f i c s  of Scattering Media [in Russian], Minsk (1969). 
7. S . G .  II'yasov and V. V. Krasnikov, Methods of Determining Optical and Thermoradiative Charac- 

ter is t ics  of Food Products [in Russian], Moscow (1972). 
8. P . G .  Kard, Opt. i Spektr., 10, 384 (1961). 
9. A . V .  Lykov, Izv. Akad. Nauk SSSR, Energetika i Transport ,  No. 5, 109 (1970). 

10. V . V .  Solomatov and A. D. Gorbunov, Izv. Akad. Nauk SSSR, Energetika i Transport ,  No. 1 (1973). 
11. L . G .  Titarchuk, Kosmich. Issled., 11, 130 (1973). 
12. C . L .  T1en, C. K. Chan, and G. R. Cunnington, J. Heat Transfer  Set. C, 94, 41 (1972). 
13. V . V .  Frolov, Inzh.:Fiz. Zh., 23, 1092 (1972). 
14. Yu. L Cheklinskaya, Inzh.-Fiz. Zh., 3, 43 (1960). 
15. H . C .  Hottel et al., J. Heat Transfer  Ser. C, 92, 285 (1970). 
16. G. Stokes, Math. and Phys. Papers,  4, 145 (1904). 
17. G . R .  Cunnington and C. L. Tien, Thermophysics: Applications to Thermal Design of Spacecraft, 

VoL 23, Academic Press ,  New York (1970), p. 111. 

1526 


